
Scaling Epidemic Inference on Contact Networks: 
Theory and Algorithms

Motivations & Contributions
Challenges of Epidemic Inference

RAPID builds upon the Probabilistic Infection Dynamics (PID) message-passing
equations and introduces a residual-driven asynchronous propagation mechanism 
that updates only where changes are significant.

1. High Computational Cost of Monte Carlo Simulation. Current epidemic 
inference relies heavily on Monte Carlo (MC) simulation, which is statistically 
reliable but computationally expensive.

2. Limitations of Population-Level Models. Population-level models (e.g., SIR 
ODEs) assume homogeneous mixing and cannot capture individual-level 
infection risk or the impact of network topology.

3. Shortcomings of Graph-Based Approaches. Existing graph-based methods (like 
message passing or centrality) either ignore infection dynamics or lack theoretical 
guarantees on convergence and accuracy. Also the forward iteration is
computationally expensive.
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Our Contributions
• Theoretical Analysis of MC Variance. 
Theoretically analyze how network topology and
epidemic parameters affect MC variance;
• Development of the RAPID Algorithm. 
Develop a residual-aware propagation algorith-
m, RAPID that matches MC accuracy at runtime 
comparable to a single MC simulation through asy-
nchronous local updates;
• Comprehensive Empirical Validation. 
Conduct experiments across six real-world networ-
ks, demonstrating robust accuracy, scalability, and
theoretical consistency.

Theoretical Insight

Trade-off between Kendall-Tau and Runtime across six datasets.

(a) carilion-Hospital (b) hiv-Trans (c) email-Enron

(d) email-EuAll (e) soc-Epinions (f) soc-Pokec

Theorem 3.1 quantifies how the variance of Monte Carlo (MC) estimators for node 
infection probability fundamentally depends on epidemic parameters (𝛽, 𝛾), network 
structure (average degree 𝑘% and diameter 𝐷), initial infection fraction 𝛼, and the 
number of simulations 𝑀.

It establishes a non-zero lower bound on the average estimator variance:

3 Theoretical Analysis

In this section, we provide a thorough analysis on the impact of network structure and epidemic
parameters on the variance of variance of Monte Carlo estimators; then we derive a linear approx-
imation of nonlinear epidemic dynamics that highlights neighborhood propagation, and establish
convergence guarantees for probability-based propagation in non-reinfection models.

3.1 Monte Carlo Estimator Variance Analysis

In many existing epidemic dynamic studies, Monte Carlo simulations are often repeated 104–105
times without examining their necessity or computational trade-offs. In this subsection, we aim to
theoretically investigate this important question: under what conditions does the variance of the
steady-state infection probability across the network become large when performing Monte Carlo
simulations of epidemic dynamics, such that more simulation runs are needed to achieve sufficient
accuracy? To the best of our knowledge, this question has never been explored in prior work.
Addressing this overlooked gap not only offers practical guidance for real-world simulation tasks but
also motivates our development of scalable methods for epidemic inference.
Theorem 3.1 (Monte Carlo Estimation Variance Lower Bound). Given a directed contact network
G = (V, E) with N = |V|, average out-degree k̄, and diameter D. Let I0 → V be the initially infected
node set with fraction ω := |I0|/N . Assume an SIR model parameterized by infection probability ε
and recovery probability ϑ. Using M independent Monte Carlo simulations to estimate each node’s
infection probability pi, the average variance of the estimator p̂i satisfies:

1

N

N∑

i=1

Var(p̂i ↑ pi) ↭ 1

2M
min{1↑ (1↑ p0)

ck̄ω, (1↑ p0)
ck̄ω}, (3)

where
p0 := (

ε

ε + ϑ
)ε, ϖ := min{D,

logN

log k̄
}, (4)

and c > 0 is a constant depending on the network structure.

Proof. We briefly outline the key argument here; the full derivation is in the Appendix. Each node’s
infection probability pi is estimated via Monte Carlo simulation as

p̂i =
1

M

M∑

m=1

I(m)
i , (5)

where I(m)
i indicates infection in simulation m. Its variance is straightforwardly given by Var[p̂i] =

pi(1↑ pi)/M . Under the continuous-time SIR model, the transmission probability along any edge is
characterized by competing exponential infection and recovery processes, resulting in pe = ε/(ε+ϑ)
[28, 46]. Assuming independence and sparse network structure, node-level infection probabilities are
approximated as pi ↓ 1↑

∏mi

j=1(1↑ p
εij
e ), where ϖij represents the path length between nodes i and

j and we neglect higher-order interactions and overlapping paths [25, 43].

The number of disjoint infection paths mi scales approximately as ck̄ω, reflecting the influence
of average degree k̄ and initial infection fraction ω [43, 25, 28]. Typical path lengths ϖ can be
approximated as ϖ = min{D, logN/ log k̄} [9, 42], leading to the simplified expression pi ↓
1 ↑ (1 ↑ p0)ck̄ω, with p0 := (pe)ε. Given the concavity of pi(1 ↑ pi), we apply a standard lower
bound, yielding pi(1↑ pi) ↔ 1

2 min{pi, 1↑ pi}. Averaging this lower bound across all nodes, we
obtain the claimed variance lower bound for the Monte Carlo estimator:

1

N

N∑

i=1

Var(p̂i ↑ pi) ↭ 1

2M
min{1↑ (1↑ p0)

ck̄ω, (1↑ p0)
ck̄ω}. (6)

Remark 1. Through Theorem 3.1, we observe that the variance of the Monte Carlo estima-
tor is primarily influenced by four factors: ε/ϑ, k̄, ω, and M . The base probability p0 :=
(ε/(ε + ϑ))ε increases with ε/ϑ, since the ratio ε/(ε + ϑ) grows monotonically. Meanwhile,
ϖ := min{D, logN/ log k̄} decreases as k̄ increases, leading to an indirect increase of p0 with k̄.
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Influence of key factors on MC estimator variance.
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Base: Message Passing Foundation

Illustration of a single iteration of RAPID.

Each node 𝑖	updates its infection probability 𝑃!" using local messages from its in-
neighbors:

This standard PID update defines RAPID’s computational base.

Table 1: Summary of key notations
Graph
G = (V, E ,A) Directed contact network with node set V , edge set E , and adjacency matrix A.
N Number of nodes, |V|.
k̄, D Average out-degree, graph diameter.
NE

in(i), NE
out(i) In-/out-neighbors of node i.

Epidemic parameters
ω, ε Transmission probability, recovery probability in unit time.
I0, ϑ Initial infected node set, with fraction ϑ = |I0|/N .
pe Edge-level transmission probability, pe = ω/(ω + ε).
State variables
P i
S(t), P i

I (t), P i
R(t) Probabilities that node i is susceptible, infected, or recovered at time t.

P i(t) Full state vector of node i: [P i
S(t), P

i
I (t), P

i
R(t)]

T .
PS(t), PI(t), PR(t) Vectors over all nodes, e.g., PS(t) = [P 1

S(t), . . . , P
N
S (t)]T .

P (t) Full network state: [P 1(t), . . . , PN (t)]T .
Rres(i) Propagation residual at node i.

2.1 SIR Dynamics

The classical SIR model describes disease transmission as a continuous-time Markov process,
governed by the following system of ordinary differential equations [27]:

dS

dt
= →ω

SI

N
,

dI

dt
= ω

SI

N
→ εI,

dR

dt
= εI. (1)

These nonlinear equations are generally difficult to solve analytically, and the implicit assumption
of homogeneous random mixing may not hold in complex contact networks. Notably, the SIR
framework serves as a representative example of general non-reinfection epidemic models, where
once nodes transition into the recovered (or removed) state, they no longer re-enter the infection
dynamics [46, 28].

2.2 Probabilistic Disease Propagation in Neighborhood

Algorithm 1 Sketch of PID
Require: Graph G, rates ω, ε, initial infected set I0,

threshold ϖ
1: Initialize PS , PI , PR, t
2: while →P (t)↑ P (t↑1)→2 > ϖ do
3: for all i ↓ V do
4: Update P i

S(t), P
i
I (t), P

i
R(t) with Eq. (2)

5: end for
6: t ↔ t+ 1
7: end while
8: return PS , PI , PR

Given a directed contact network G =
(V, E ,A), epidemic parameters ω and ε, and the
full network state P (t) at time t, we model the
SIR process as a non-reinfection system. Specif-
ically, for each node i ↑ V , the probability of be-
ing susceptible at time t+1, denoted P i

S(t+1),
is given by its value at time t multiplied by the
probability of not being infected during the inter-
val (t, t+1]. The probability of being infected at
time t+ 1, P i

I (t+ 1), consists of two parts: the
probability of becoming infected during (t, t+1]
while being susceptible at t, and the probability
of remaining infected by not transitioning to the recovered state. Similarly, the probability of being
recovered at t+ 1, P i

R(t+ 1), accounts for nodes that either recovered during (t, t+ 1] or remained
in the recovered state from the previous time step. Assuming that infection events are independent
across neighbors within each unit time interval [43, 25], the resulting update equations correspond to
the derivation of the message passing formulation in [24]:

P i
S(t+ 1) = P i

S(t)
∏

j→V
Aji(1→ ωP j

I (t)) (2)

P i
I (t+ 1) = P i

S(t)[1→
∏

j→V
Aji(1→ ωP j

I (t))] + (1→ ε)P i
I (t)

P i
R(t+ 1) = P i

R(t) + εP i
I (t)

Based on these update equations, we develop a baseline inference algorithm, PID (Propagation for
Infection Dynamics), as shown in Algorithm 1.

3

Residual-Driven Propagation

To quantify “how much information remains to be propagated”, we define the 
propagation residual at node 𝑖:

where 𝑃-!
# is the cached infection probability before the last update. This residual 

measures the unbalanced local influence, which is a first-order Jacobian
approximation of the difference between current and previously propagated messages
from the in-neighbors.

First, we analyze the source of a one-step update on a node’s infection probability. According to
Theorem 3.2, we have

P i
I (t+ 1) → P i

S(t)(ω
∑

j→V
AjiP

j
I (t)) + (1↑ ε)P i

I (t). (15)

Taking the difference between consecutive time steps, we get:

P i
I (t+ 1)↑ P i

I (t) → P i
S(t)(ω

∑

j→V
AjiP

j
I (t))↑ P i

S(t↑ 1)(ω
∑

j→V
AjiP

j
I (t↑ 1))

+ (1↑ ε)(P i
I (t)↑ P i

I (t↑ 1))

↓ P i
S(t↑ 1)(ω

∑

j→V
Aji(P

j
I (t)↑ P j

I (t↑ 1))) + (1↑ ε)(P i
I (t)↑ P i

I (t↑ 1))

↓ ω
∑

j→V
Aji(P

j
I (t)↑ P j

I (t↑ 1))

︸ ︷︷ ︸
Change due to propagation

+(1↑ ε)(P i
I (t)↑ P i

I (t↑ 1))︸ ︷︷ ︸
Change due to retained infection

. (16)

We aim to update a node’s state through local propagation only when the external influence is
sufficiently strong. Based on the derivation in Eq. (16), we define

Rres(i) = ω
∑

j→V
Aji (P

j
I ↑ P̃ j

I ), (17)

as the propagation residual at node i, where P j
I denotes the current infected probability of node j,

and P̃ j
I denotes its cached value before the most recent update.

Algorithm 2 Sketch of RAPID
Require: Graph G, threshold ω, rates ε, ϑ, initial

infected set I0, preheat steps p
1: Initialize PS , PI , PR

2: Preheat system for p rounds and record P̃I

3: Initialize max heap H → ↑

4: for v ↓ V do
5: Compute (Rres(v) with Eq. (52)
6: Push (Rres(v), v) into H

7: end for
8: while H not empty do
9: (Rres(i), i) → popTop(H)

10: if Rres(i) ↔ ω then break
11: end if
12: if P i

I > ω then
13: Update P i

S , P
i
I , P

i
R, P̃

i
I

14: Set ϖ → P i
I ↗ P̃ i

I

15: for j ↓ NE
out(i) do

16: Rres(j) → Rres(j) + ε · ϖ
17: if Rres(j) > ω then push j into H

18: end if
19: end for
20: end if
21: Rres(i) → 0
22: end while
23: return PS , PI , PR

An overview of RAPID is shown in Algorithm
2. We first perform p rounds of probabilistic dis-
ease propagation using Eq.(2), which serves as a
preheating phase to initialize node states and com-
pute propagation residuals. After preheating, we
maintain a max-heap priority queue (referred to
as the active queue) sorted by node residuals. At
each iteration, the node i with the highest residual
is popped and its full state vector P i is updated
using Eq.(2) in line 13.

The resulting change in infection probability, P i
I↑

P̃ i
I , is linearly propagated to its out-neighbors

by incrementing their propagation residuals. If
a neighbor’s updated residual exceeds the thresh-
old, it is pushed into the active queue for future
propagation as is shown from line 15 to line 19.
After propagation, the residual of the current node
is set to zero, indicating it is no longer active. The
algorithm terminates when the active queue be-
comes empty. Since Rres(i) ↓ ω

∑
j→V AjiP

j
I ,

Theorem 3.3 guarantees that once the system con-
verges (maxi→V P i

I ↔ 0), the residuals vanish
(Rres(i) ↔ 0), ensuring convergence of RAPID.

4.2 Complexity Analysis

Theorem 4.1 (Worst-Case Time Complexity of RAPID). Consider RAPID on a directed contact
network G = (V, E) with N = |V| nodes and average out-degree k̄. Let the infection probability
be ω, the recovery probability be ε, and the residual threshold be ϑ > 0. Then, under worst-case
conditions, the total time complexity of RAPID is

O(N · k̄ ·min(
1

ϑ
,
1

ω
)). (18)
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CodePaper

• Setup: Six real-world directed networks (carilion-Hospital, hiv-Trans, soc-Pokec, etc.).
• Baselines: MC-5/10/50, PID, and centrality heuristics.
• Metrics: Kendall-tau Coefficient, Mean Absolute Error, Precision/Recall/F1, Runtime.
• Accuracy: RAPID achieves the lowest MAE among baselines and comparable Kendall-tau 

coefficient to forward iteration baseline PID, benefiting from asynchronous updates that reduce 
the impact of small loops and accelerate convergence.

• Efficiency: On six datasets, RAPID achieves an average speedup of 5.11×, 10.67×, and 8.52×
over MC-5, MC-10, and PID, respectively. The speedup is more pronounced on denser graphs
and its runtime remains comparable to a single-run Monte Carlo iteration across all datasets.

• Scalability: Runtime grows sublinearly with network size, validating efficient inference.
• Robustness: Performance remains stable across wide ranges of, 𝛽, 𝛾, and seed fractions 𝛼.

Table 4: Runtime comparison across datasets (seconds, lower is better). ! indicates the speedup
factor relative to RAPID, computed as ! = Baseline time

RAPID time .

carilion-Hospital2 hiv-Trans2 email-Enron email-EuAll soc-Epinions soc-Pokec

MC-5 t 5.81±0.51 21.87±3.15 29.84±1.43 169.46±8.23 59.69±1.26 1241.00±18.79

! 5.43→ 5.16→ 5.41→ 5.06→ 5.82→ 3.78→

MC-10 t 13.46±1.14 49.94±1.74 56.45±0.79 330.97±6.81 122.31±2.44 2506.60±45.46

! 12.58→ 11.78→ 10.24→ 9.88→ 11.91→ 7.64→

MC-50 t 1234.73±13.13 4678.18±8.96 279.26±3.09 1659.57±23.55 614.58±2.36 12782.37±237.30

! 1153.95→ 1103.34→ 50.66→ 49.52→ 59.86→ 38.93→

PID t 3.56±0.01 17.91±0.14 66.95±0.29 206.18±0.65 132.60±0.62 4056.89±6.40

! 3.33→ 4.22→ 12.14→ 6.15→ 12.91→ 12.36→
RAPID t 1.07±0.00 4.24±0.03 5.51±0.04 33.50±0.05 10.27±0.09 328.28±0.66

Complexity Validation. Figure 4 shows the empirical log-scale runtime of RAPID versus log(Nk̄)
on six real-world networks. The fitted complexity runtime → (Nk̄)0.74 is better than the worst-case
bound established in Theorem 4.1, confirming the validity of our analysis.

6 Conclusion

In this paper, we systematically studied the variance of Monte Carlo simulations for modeling
the disease spread process in contact networks, and introduce a linear approximation for infection
propagation under non-reinfection models with a provable convergence guarantee. Based on the
theoretical findings, we propose RAPID, a residual-driven framework to infer node-level infection
probability distribution with high estimation accuracy and low computational cost. Experiments on
six real-world networks show that RAPID matches the accuracy of multi-run Monte Carlo within
the runtime of a single simulation. Future work includes extensions to models with reinfection,
time-varying parameters, and dynamic networks.
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Takeaway

RAPID attains multi-run MC accuracy with consistent, dataset-wide runtime acceleration.
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